We introduce a new approach to investigate the selection rules governing the contributions of fluxed M5-instantons to the F-theory four-dimensional effective action, with emphasis on the generation of charged matter F-terms. The structure of such couplings is unraveled by exploiting the perturbative and non-perturbative homological relations, introduced in our companion paper [1] , which encode the interplay between the self-dual 3-form flux on the M5-brane, the background 4-form flux and certain fibral curves. The latter are wrapped by time-like M2-branes representing matter insertions in the instanton path integral. In particular, we clarify how fluxed M5-instantons detect the presence of geometrically massive U (1)s which are responsible for 'hidden' selection rules. We discuss how for non-generic embeddings the M5-instanton can probe 'locally massless' U (1) symmetries if the rank of its Mordell-Weil group is enhanced compared to that of the bulk. As a phenomenological off-spring we propose a new type of non-perturbative corrections to Yukawa couplings which may change the rank of the Yukawa matrix. Along the way, we also gain new insights into the structure of massive U (1) gauge fluxes in the stable degeneration limit.
Introduction
Instanton effects play a crucial role in string compactifications. In Type IIB/F-theory Calabi-Yau compactifications, D3/M5-brane instantons are the only source of a superpotential for the Kähler moduli [2] and thus represent vital ingredients for moduli stabilisation. In addition they can generate perturbatively forbidden matter couplings in the effective action [3] [4] [5] [6] whose rich phenomenology has been explored extensively in the weak coupling regime (see e.g. [7] and references therein). It is the goal of this paper to advance our theoretical understanding of corresponding effects in the much larger class of general F-theory compactifications which do not necessarily admit a weak coupling limit. While many aspects of such instanton effects in F-theory have been investigated recently [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , it is fair to say that an understanding at a comparable level as in Type IIB orientifolds is still lacking. This is partly because the physics of M5-instantons is complicated by the appearance of a self-dual 2-form in its worldvolume [25, 26] . Relatedly, the structure of the charged fermionic zero modes responsible for the generation of charged matter couplings is much more obscure than at weak coupling. Luckily the information relevant for the computation of such operators is encoded already in the classical Bianchi identity of the 3-form field strength T 3 associated with the chiral 2-form on the M5-brane. This Bianchi identity describes the interplay between the instanton 3-form flux T 3 , the gauge flux G 4 in the F-theory bulk and further time-like M2-branes that can end on the M5-brane instanton. The latter wrap a combination C of vanishing cycles in the torus fibre of the F/M-theory Calabi-Yau 4-fold. Such wrapped M2-branes describe massless charged matter fields in the F-theory effective action [27] [28] [29] [30] . The Bianchi identity then has the structure dT 3 = G 4 | M5 − δ 4 (C), (1.1) where δ 4 (C) is a delta-like 4-form supported on C which represents a localised source for the T 3 flux. At the crudest cohomological level, the Bianchi identity (1.1) implies that the difference of G 4 | M5 − PD[C] must be cohomologically trivial, with PD[C] denoting the Poincaré dual of C on the M5-brane. In particular, if G 4 | M5 is cohomologically non-trivial, then C must be homologically non-trivial, too, and the M5-brane instanton contributes to couplings involving the states associated with the M2-branes wrapping C. While the role of this Bianchi identity for the generation of instanton couplings has been analysed before [13, 16, 20] , the novelty of our approach is to solve it not just at the (co)homological level, but in terms of a refined version of homology introduced in our companion paper [1] . This allows us to describe qualitatively new M5-instanton couplings and to understand in particular the generation of instanton induced couplings violating massive U (1) symmetries [31] [32] [33] [34] .
Our starting point is the following observation. Recall that an M5-brane instanton in F/M-theory uplifting a D3-instanton in the dual Type IIB theory must wrap a vertical divisor D [2] of the F-theory genus-one fibration, which is itself a genus-one fibered Kähler space. The pullback of the 4-form flux G 4 to the instanton is dual to a curve C G on the M5-brane world-volume. Hence, at the homological level, the Bianchi identity (1.1) implies that the difference of C G − C must be homologically trivial on D. However, only if this cancellation occurs also in the homology of the instanton fibre [1] can the instanton 3-form flux vanish identically. Otherwise, the M5-path integral is consistent only if a suitable supersymmetric T 3 flux exists. Such flux may be thought of as Poincaré dual to a 3-chain Γ ⊂ D ending on the difference of cycles C G − C and the resulting fluxed M5-brane can then be viewed as a BPS bound state of an M5-instanton with an M2-instanton wrapping the 3-chain Γ. Interestingly, while M2-brane instantons on 3-chains cannot contribute to F-terms in F-theory because they are non-BPS on Calabi-Yau 4-folds, fluxed M5-instantons can be BPS. This way we find the M5-instanton analogue of a number of F-term effects which had previously only been understood in the language of fluxed D3-brane instantons in Type IIB orientifolds [32] . For convenience of the reader, we summarise the most salient points concerning such fluxed D3-instantons in appendix A.
We begin the core of this article in section 2 by defining the general type of Euclidean fluxed M5-configurations we are interested in. This includes a systematic analysis of the supersymmetry condition for the 3-form flux. In section 3 we explain the notion of perturbative versus non-perturbative homological relations on the instanton divisor, thereby adopting the concepts introduced in [1] . Two curves that are homologous in D are said to be equivalent in the perturbative homology of D if they can be connected by a 3-chain Γ whose volume vanishes in the F-theory limit. Otherwise, they are said to be non-perturbatively equivalent. These concepts can be applied both to the fibral curve C wrapped by time-like M2-branes and to the 2-cycle C G dual to the pullback of the background flux. We thereby make natural contact with the description of such fluxes as algebraic 4-cycles [35] , more precisely as rational equivalence classes thereof [36] .
Our first application of these concepts, described in section 4, is to M5-instantons in backgrounds with vanishing gauge flux G 4 . Clearly, in this case, C must be homologically trivial on D. However, as we shall see, an M5-instanton with non-trivial T 3 flux can still generate operators in the effective action with net charge under a geometrically massive U (1) symmetry in the sense of [31] [32] [33] [34] . The states appearing in these operators are due to M2-branes wrapping fibral curves of the instanton divisor which are indeed trivial in the non-perturbative homology, but not in the perturbative one. An example of such a fibral curve arises in the massive U (1) model of [34] . Another interesting application of potential phenomenological importance is the generation of non-perturbative corrections to perturbatively allowed matter Yukawa couplings. Non-perturbative corrections can change the rank of the Yukawa matrix and account for the observed family hierarchies [37] [38] [39] [40] [41] . We here present a qualitatively new such correction relying on the described mechanism involving T 3 flux on the instanton.
Even for vanishing T 3 our approach to solving the Bianchi identity gives new insights. Such configurations are possible if one cancels the contribution C G due to background gauge flux in the perturbative homology against M2-branes wrapping a fibral curve. It is well-known [13, 16, 20 ] that a homologically non-trivial flux induces a charge for a massless U (1) of the instanton analogous to corresponding effects in Type II [3] [4] [5] [6] . This alone, however, does not completely determine the form of the actual operator induced in the effective action. In section 5 we show for an SU (5) F-theory model how to identify this operator in more precise terms. Importantly, this analysis is applicable also to situations where the flux-induced instanton charge with respect to a massless U (1) vanishes, but an operator involving localised matter is nonetheless induced for T 3 = 0.
Finally, in section 6, we exemplify an interesting situation in which the background gauge flux and the instanton flux compensate each other such that a contribution to the superpotential without charged matter insertions is possible. This realises an effect proposed in the Type IIB language in [32] for models with a geometrically massive U (1). Necessarily, the curve C G dual to the background flux must be homologically trivial in a non-perturbative sense. Since the global description of massive U (1) gauge fluxes is still largely elusive as of this writing (see however [42] ) we address this question in the stable degeneration limit [43, 44] of the massive U (1) model of [34] . Along the way we gain a deeper understanding of the structure of massive U (1) fluxes, in particular of the D5-tadpole cancellation condition as a requirement imposed by the Meyer-Vietoris exact sequence in the stable degeneration. In all the applications described up to this points we have assumed that the instanton wraps a sufficiently generic, smooth vertical divisor. Interesting new effects occur in non-generic situations in which for instance the rank of the Mordell-Weil group along the vertical divisor increases. The existence of extra sections along the instanton implies that the instanton probes a 'locally massless U (1)' which is Higgsed or Stückelberg massive globally away from the instanton. We exemplify this in section 7 by discussing such a local U (1) enhancement along an instanton in a Tate model and in the bisection fibration studied in [45] [46] [47] [48] [49] [50] [51] . In the latter case the global Z 2 symmetry of the F-theory effective action is enhanced to a local U (1) because the VEV of the Higgs field responsible for its breaking restricts to zero along the instanton. This gives rise to new selection rules for the instanton contribution to the path integral. Our conclusions are summarised in section 8.
M5-brane action
In this paper we study D3/M5-instantons on general F-theory compactifications to four dimensions, either admitting a weak coupling limit or not. In the former case, the available perturbative IIB description can significantly help in understanding and clarifying some crucial physical aspects that persist in genuinely non-perturbative F-theory vacua. We therefore review, in appendix A, some of the most important aspects of the computation of D3-brane instanton effects in Type IIB orientifold compactifications. Such instantons wrap holomorphic divisors E of the orientifold Calabi-Yau 3-fold X and can in general carry non-trivial instanton flux F E . Of special interest for us is the dependence of the instanton effects on the gauge fluxes F a supported by D7-branes wrapping holomorphic divisors D a as well as on the instanton flux F E . After reviewing the distinction of the gauge flux induced and geometric Stückelberg mechanism rendering abelian gauge symmetries massive we recall how the D3-instanton acquires a flux-dependent U (1) charge, given by equation (A.5). As a result the instanton contributes to operators involving matter fields charged under the abelian gauge symmetries of the form
where Φ ab is a matter field charged under
Our primary goal is to understand analogous effects for more general F-theory compactifications. A type IIB D3-brane instanton is dual to an M5-brane instanton localised at a certain external spacetime point x 0 and wrapping a internal vertical 6-cycle
in the elliptically 1 fibered Calabi-Yau 4-fold Y associated with the F-theory background [2] . Here π : Y → B is the projection map associated with the elliptic fibration and D b ⊂ B is the effective divisor of the base B wrapped by the D3-brane. In a weak-coupling regime, the Calabi-Yau 3-fold X represents the orientifold double-cover of the base B and D b uplifts to the divisor E ⊂ X. Many aspects of D3/M5-instantons in F-theory have recently been analysed using various techniques [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The microscopic description of effects of the form (2.1) in terms of M5-instantons in F-theory is very different from the formalism available for D3-instantons at weak-coupling. One of our main goals is to work out the connection between these two descriptions and to understand how the results obtained at weak coupling extend and generalise to more general F-theory compactifications.
M5-action and M2-insertions
As bosonic action for a single (Euclidean) M5-brane instanton we take
3)
where the 6-form C 6 is the magnetic dual to the M-theory potential C 3 associated with the fieldstrength G 4 . Let us first suppose that there are no M2-brane insertions, which shall be discussed momentarily. Then the world-volume field-strength T 3 must satisfy the Bianchi identity
so that we can locally write
for some 2-form β 2 living on the M5-brane. Hence, with the help of (2.4) one can verify that the combined gauge transformations
leave the M5-action invariant.
Notice that we are using a quadratic approximation of a more complete DBI-like action. However, since we will be interested in supersymmetric M5-brane configurations, we expect such a quadratic approximation to capture the information necessary for our purposes, as one can conclude from a IIB perspective [19, 22, 24] . Furthermore, it is well known that (2.3) cannot be the end of the story since β 2 is a chiral 2-form and then must obey the imaginary self-duality condition * T 3 = iT 3 .
(2.7)
One approach, to which we will adhere, is to enforce this constraint at the level of the partition function via holomorphic factorisation, as in [25] . An alternative would be to start from the formulation of [26, 52] . In any case, this difficulty will not affect the following discussion. Furthermore, the action (2.3) should be completed by its fermionic counterpart [52] but we will not need such completion here.
In order to generate an operator for instance of the form (2.1), the M5-brane instanton must couple to incoming M2-branes describing the physical states associated with the fields Φ ab . This logic has already been employed in the present context in [13, 16, 20] . The incoming M2-branes move along external world-lines ending at the M5-brane external position x 0 and wrap internal fibral curves
Here P 1 i denote the resolution rational curves that are obtained by blowing-up the singular elliptic fibration Y into a smoothŶ . If we denote by γ A,k , k = 1, . . . , n A , the external worldlines of n A incoming M2-branes wrapping the fibral curve C A , then we can think of the M2-branes as collectively spanning the 3-chain
denotes the collective fibral curve in the M5-instanton on which the incoming M2-branes end. We focus on incoming M2-branes, but one could likewise consider out-going M2-branes that are related to the incoming ones by CPT.
To account for such insertions of incoming M2-branes we must modify the M5-instanton action (2.3) into
By computing the equation of motion from S M5 and using (2.7) we see that the Bianchi identity (2.4) must be consistently modified into
Furthermore, one must supplement the M5-instanton action with the action of the incoming M2-branes 11) where the contribution 2πvol(P ) degenerates to the world-line action for a massless particle in the F-theory limit. By using the modified Bianchi identity (2.10), one can check that S M5 + S M2 is invariant under the gauge transformation (2.6). We stress that only the combination S M5 + S M2 is gauge invariant, not S M5 and S M2 separately.
We are particularly interested in the contributions of supersymmetric M5-brane instantons to Fterms in the effective action. To compute such contributions one should perform the path-integral over all bosonic and fermionic fields [2, [53] [54] [55] and include also the contribution of the incoming M2-branes as in [13, 16, 20] . The type of F-term is partly determined by the structure of the M5-brane fermionic zero-modes, which has been investigated in [2, 19, 22, [56] [57] [58] [59] [60] [61] . On the other hand, the path-integral requires also summation over all possible gauge inequivalent configurations of the chiral form β 2 . This path-integral splits into a classical partition function which can be evaluated as in [62] together with an integral over quantum fluctuations of β 2 . In particular, the latter can lead to zeroes in the superpotential. 2 On the other hand, the classical piece of the M5-partition function includes a sum over all semiclassical values of the field strength T 3 . As we will discuss in some detail in the following, the Bianchi identity (2.10) gives rise to the selection rules that constrain the types of terms a given instanton with flux can generate in the effective action. This is already clear by imposing (2.10) just at the cohomological level, i.e.
[ [13, 16, 20] , this condition allows us to understand the M5-analogue of a D3-instanton in which charged chiral zero modes are induced only by 7-brane worldvolume fluxes. In this case, the instanton generates terms which include operators charged under U (1) gauge symmetries that are massive by means of a flux induced Stückelberg mechanism. We will come back to this effect in section 5.
However, we will see that in fact (2.10) contains considerably more information than just its cohomological counterpart (2.12), in particular in relation with possible hidden massive U (1)s. This will clarify the connection with the weakly coupled IIB picture. Roughly, we can think of T 3 as a smeared M2-brane instanton wrapping a 3-chain Γ ⊂ D that ends on the 2-cycle C G − C, where C G ⊂ D is a curve which is Poincaré dual to G 4 | D . This allows us to link the present setting to the discussion of M2-brane instantons of the companion paper [1] , in which it is shown how the M2-instanton generated couplings depend on some refined information on the 3-chain Γ, and not just its homological characterisation. Hence, we expect something similar to happen for the T 3 -flux on the M5-instanton. We will come back to this idea and explore it in great detail starting from section 3. Here we first focus on a crucial difference between the (localised) M2-instantons and the (delocalised) T 3 -flux. Namely, M2-brane instantons on Calabi-Yau 4-folds always break supersymmetry and can only generate four-dimensional D-terms [1] while, as discussed in the following subsection, the T 3 -flux can in principle preserve supersymmetry so that the fluxed M5-instanton can generate F-terms in the four-dimensional effective theory.
A final couple of remarks regarding (2.10). First, recall that the G 4 -flux is not always integrally quantised because of the bulk quantisation condition G 4 − 1 2 λ ∈ H 4 (Ŷ , Z), which contains the potentially half-integer shift [63] . On the other hand, consistency with (2.10) and (2.12) requires such a possible half-integer shift to cancel once G 4 is restricted to the divisor D [25, 64] . Let us explicitly check this, assuming that the effective divisor D is smooth, as it is generically the case in our setting once Y is resolved intoŶ (see, however, the discussion in section 7). The sequence of complex bundles On the other hand, as in [65] , one can prove that c 1 (D) 2 − c 2 (D) is an even integer cohomology class, so that
. Second, we have not explicitly written a possible anomalous torsional contributions to (2.10) [64, 66, 67] , implicitly reabsorbing it in a redefinition of G 4 | D . If non-vanishing, such torsional contribution should be cancelled by appropriate M2-brane insertions and in the following we assume that such cancellation is possible just by means of fibral curves.
Supersymmetry
We are primarily interested in supersymmetric M5-brane instantons. The M-theory background has the structure described in [68] , which reduces in the F-theory limit to a type IIB background as in [69] . To the best of our knowledge, the M5-brane supersymmetry conditions on such backgrounds have never been systematically derived so far. However, as in [19, 22, 24] , one can use the IIB perspective, in which such instantons are given by Euclidean D3-branes that wrap four-cycles D b in the base B of the elliptically fibered 4-fold Y and possibly support a non-trivial self-dual world-volume flux
Supersymmetry then requires that D b ⊂ B is holomorphically embedded and that F is self-dual, * F = F, i.e. F is purely (1, 1) and primitive. The corresponding M5-brane wraps the vertical divisor D = π −1 D b inside Y , as already assumed above. Furthermore, the D3-brane flux F naturally uplifts to a (2, 1) and primitive T 3 flux on the M5-brane [22] , which is indeed compatible with the imaginary-self-duality condition (2.7). We will assume these as the supersymmetry conditions to be imposed on T 3 , i.e.
where J D ≡ J| D . Notice that the supersymmetry condition (2.15a) appears to be inconsistent for a real and properly quantised T 3 satisfying the Bianchi identity (2.10). This problem actually shows up, as is well-known, already at the level of the imaginary-self-duality condition (2.7). One way to properly address this issue is to treat T 3 as an unconstrained quantised real field and impose the conditions (2.15) and (2.7) at the partition function level as in [25] , see for instance [70] for a brief non-technical introduction to this approach and references therein for more details.
Let us first assume that the elliptic fibration Y can be crepantly resolved into a smooth CalabiYau four-foldŶ . Correspondingly, the vertical divisor D wrapped by the M5-brane is also generically resolved into a smooth Kähler elliptic fibration -see section, however, 7 for non-generic situationswhich we will denote by the same symbol D. Under such resolution the fibral curves C A entering the combination C = A n A C A in (2.10) acquire a finite volume
Consider now an unconstrained real T 3 satisfying the Bianchi identity (2.10). This can always be solved by Hodge-decomposing T 3 as
Notice that γ 4 is defined up to a co-closed contribution. This freedom can be partially fixed by imposing the condition dγ 4 = 0. Hence (2.10) reduces to ∆γ 4 = G 4 | D −δ 4 (C). Once the cohomological condition (2.12) is satisfied, this equation has the solution 
represents the 'background' world-volume flux produced by the G 4 -flux and the incoming M2-brane insertions, T harm 3 distinguishes different topological sectors, while α 2 represents the dynamical degrees of freedom.
It is now easy to see that the supersymmetry condition (2.15b), which is perfectly compatible with a real and quantised T 3 , cannot be satisfied for a resolved ambient spaceŶ . Indeed, by taking into account the bulk supersymmetry condition J ∧ G 4 = 0, plugging (2.17) and (2.18) into (2.15b) one gets 
for any fibral curve C A appearing in C = A n A C A . On a resolvedŶ (2.21) is not satisfied because of (2.16) and so the supersymmetry condition (2.15b) can be satisfied only in the F-theory limit.
In fact, the appearance of such obstruction in the resolved phase is expected. Indeed, in this case the M2-branes attached to the M5-brane are massive and the M5 is expected to bend under their tension, as for instance in the local solution described in [71] . Hence in this regime our supersymmetry conditions, which assume the Euclidean M5-brane to be localised at a certain external space-time point, cannot be accurate. On the other hand, in the F-theory limit vol 2 (C A ) → 0 and such obstruction disappears. Hence, even though we have initially assumed the crepant resolvability of the ambient space Y , supersymmetric M5-brane instantons with M2-brane insertions of the form considered here are really consistent only in the limit of vanishing volume for the fibral curves C A . This is just sufficient for our purposes as we are interested in taking the F-theory limit after all. It is then natural to extend our conclusions to the case in which Y does not admit a crepant resolution.
The above discussion implies that the primitivity condition reduces to requiring that J D ∧ α 2 is closed and that J D ∧ T harm 3 = 0. The first condition can be always satisfied by appropriately choosing α 2 . Hence, the primitivity condition is equivalent to the cohomological condition
As already mentioned, while the primitivity condition (2.15b) can be studied at the classical level on an unconstrained real T 3 , the other supersymmetry condition (2.15a) cannot. To proceed as in [25] , one should decompose T 3 = T to the partition function. This important step is beyond the scope of the present paper and we will not try to attack it here. However notice that, once the primitivity condition (2.15b) is imposed on the unconstrained T 3 , the remaining condition (2.15a) can be satisfied by its self-dual component T + 3 if and only if T 0,3 = 0 (and then T 3,0 = 0 too) for the unconstrained T 3 . In particular the contribution (2.19) has vanishing (0, 3) component by construction so that it is automatically compatible with the condition T 0,3 = 0. In other words, (2.10) implies that ∂T 0,3 = 0, so that T 0,3 defines a class 3 Notice that JD ∧ δ4(C) is exact by (2.12) and J ∧ G4 = 0. Then, by applying d to d
. By writing δ4(C) = a n a δ4(Ca) one obtains (2.21).
[T To summarise, we see that in the F-theory limit the supersymmetry conditions (2.15) are equivalent, at the level of the unconstrained flux T 3 , to the cohomological conditions (2.22) and (2.23). Once such conditions are satisfied, there is no obstruction for the M5-brane instanton to be supersymmetric. Interpreting T 3 as a Euclidean M2-brane dissolved into the M5-brane, we see how such dissolution allows the M2-M5-bound state to be supersymmetric, while an M2-brane instanton alone could never be supersymmetric in F-theory compactifications to four dimensions [1] .
An interesting observation is that the condition T 0,3 = 0 for the unconstrained T 3 and the condition on the holomorphy of the vertical 6-cycle D, which may be regarded as 'holomorphy' conditions for the supersymmetric M5-brane, can be both derived from a 'superpotential'
Here Ω Y is the holomorphic 4-form on Y and Θ is a 7-chain interpolating between a general off-shell 6-cycle D and a reference 6-cycle D 0 , ∂Θ = D − D 0 . Since D and D 0 are vertical 6-cycles, the 7-chain Θ can be regarded as an elliptic fibration over a 5-chain in the base. Furthermore, we are assuming that T 3 can be extended onto the 7-chain Θ and that the fibral curves C a wrapped by the M2-branes insertions follow the interpolation between D 0 into D by spanning a 3-chain Γ ⊂ Θ with ∂Γ ⊂ ∂Θ. The functional (2.24) was partially anticipated in [20] and is completely analogous to the superpotentials for D-branes derived in [72] , which generalise the superpotential for D5-branes on 2-cycles of [73] . 4 It is easy to see how (2.24) produces the holomorphy conditions. The extremisation with respect to the embedding moduli gives (ι ζ Ω Y )| D ∧ T 3 = 0, for any vector ζ ∈ T Y | D , which is equivalent to the condition T 0,3 = 0. On the other hand, by extremising with respect to δT 3 = dδα 2 one gets (Ω Y ∧ δα 2 )| D = 0, which is equivalent to requiring that D is holomorphic.
3 Perturbative vs non-perturbative homology on the M5 and G 4 -flux
Since our main strategy is to deduce instanton generated couplings based on a careful analysis of the Bianchi identity (2.10) we need to discuss in more detail the structure of the vertical divisor D wrapped by the M5-brane. The world-volume
The elliptic fibre of D degenerates over the loci on the base where D b intersects the discriminant locus of Y . Note that D b generically intersects the locus of the 7-branes on B in a complex curve and the matter curves in points. 5 In particular, by going to a resolved ambient spaceŶ , we can unambiguously identify those 2-cycles which are generated by fibral curves over such codimension-one or -two loci on D b . For these fibral curves on D we can distinguish between perturbative and non-perturbative homological relations in the sense introduced in [1] .
More precisely, consider a linear combination C = A n A C A of fibral curves C A in D, sitting at (possibly different) base points in D b , and suppose that such combination is trivial in H 2 (D, Z),
If we can continuously move the C A along D to the same base point p while preserving holomorphicity and
in the elliptic fibre f p over p, we call the homological relation (3.2) perturbative. In other terms, there exists a 3-chain Γ trivialising C in D, ∂Γ = −C, with vanishing volume in the F-theory limit. For this reason, we will refer to it as a perturbative 3-chain and usually denote it by Γ p . In this case, by adapting the notation introduced in [1] , we write
Furthermore, we say that C is perturbatively equivalent to
Then we say that C is non-perturbatively trivial and we write
In this case any 3-chain trivialising C in D has non-vanishing volume in the F-theory limit; it will be referred to as non-perturbative and usually denoted by Γ np .
We also recall that we use the notation We would like to reinterpret the Bianchi identity (2.10) in Poincaré dual terms of this refined version of homology. To this aim we need to use a description of the G 4 flux which involves holomorphic cycles. This is naturally achieved in the description of G 4 flux by algebraic cycles [35] . According to the prescription of [36] , a G 4 flux can be specified by an algebraic 'transversal' 4-cycle D G ∈Ŷ , up to rational equivalence. Recall that two algebraic cycles γ 1 and γ 2 are rationally equivalent if there is a family of algebraic cycles Γ t ⊂Ŷ that is rationally parametrised by t ∈ P 1 such that Γ t 1 = γ 1 and Γ t 2 = γ 2 -see for instance [76] for a more complete definition. This is a generalisation of the notion of linear equivalence for divisors. The importance of rational equivalence comes from the fact that the fluxes associated with two rationally equivalent 4-cycles describe the same background configuration of the M-theory 3-form C 3 and its field strength, up to gauge equivalence. The rational equivalence class of such 4-cycles is denoted by CH 2 (Ŷ ), the second Chow group onŶ . 8 The restriction of G 4 to the M5-brane world-volume can be identified with a 'transversal' curve C G on D, again defined up to rational equivalence inside D. These in turn are elements of CH 2 (D). 9 Furthermore, the transversality condition implies that C G must be a linear combination of fibral curves,
We can then classify C G according to our refined definition of perturbative homology. Indeed rational equivalence implies perturbative homological equivalence. Thus the perturbative homology class of a certain fibral curve is invariant under deformations preserving the rational equivalence class. It makes therefore sense to speak of perturbative or non-perturbative homological relations for rational equivalence classes of curves. This is important because the G 4 -flux is defined only up to rational equivalence, and perturbative or non-perturbative homological relations are well-defined concepts for G 4 . 
, so that C G and C ′ G can be identified only at the non-perturbative level. 7 An example of such a monodromy, as explained in section 5 of [1] , is the monodromy for the Z2 charged matter states in the bisection fibration discussed in [45] [46] [47] [48] [49] [50] [51] . See [75] for the discussion of a trisection model. 8 More precisely, it is the Déligne cohomology group (2)) [77] which counts the 3-form background up to gauge equivalence [78] (see also [43, 79] ). A refined cycle map from CH (2)) by algebraic cycles up to rational equivalence [36] . The superscript in CH 2 (Ŷ4) denotes the complex codimension of the algebraic cycles in question. 9 The important point is that the inclusion ι : D →Ŷ induces a well-defined pullback ι
. Via this map rationally equivalent 4-cycles onŶ define rationally equivalent 2-cycles on D.
We are now in the position to discuss the implications of this refined homological description of fibral curves and G 4 fluxes for the structure of F-terms produced by an M5-brane instanton.
M5 selection rules: first case (G
In this section we consider M5-instantons such that G 4 | D ≡ 0 as is for instance the case if G 4 ≡ 0 in the bulk. Actually we assume that C G = 0 modulo rational equivalence, which means that we are actually setting to zero the restriction to D of possible background Wilson lines. The Bianchi identity (2.10) becomes
In this case, C must be homologically trivial both in D and in the bulk and matter states associated with M2-branes on C cannot carry any net charge under a massless or discrete gauge symmetry.
More precisely, in order to satisfy (4.1) we can either have
In the first case, [C] D,p = 0, we can in fact set δ 4 (C) = 0 in (4.1), which then reduces to dT 3 = 0. In this case the M5-instanton and the M2-branes decouple: the M2-brane can generate an independent perturbative term in the effective action while the M5-brane instanton can generate a term which does not contain charged matter, as in the smooth case originally considered in [2] .
The case [C] D,np = 0 is conceptually more interesting. In this case there is a non-perturbative 3-chain Γ np ⊂ D with
This implies that, in order to solve (4.1), a suitable world-volume flux T 3 must be turned on. Notice that this information is lost in the purely cohomological counterpart of (4.1), which is just given by
Such a fluxed M5-brane instanton admits an interpretation as a bound state of an M5-instanton with an M2-instanton wrapping the 3-chain Γ np as considered in [1] . 10 The formation of a bound state out of the M5-and the M2-instanton requires the M2-charge to spread out into a delocalised T 3 . The key point is that, while an M2-brane instanton wrapping Γ np would necessarily break supersymmetry, as explained in section 2.2 this is not anymore true for its delocalised counterpart given by T 3 . Hence, such fluxed M5-branes can generate F-terms. The more specific kind of produced F-term, and in particular whether or not a superpotential is generated, depends on the structure of neutral fermionic zero modes [2] , which is generically affected by the world-volume flux itself [19, 22] . We will not consider such details in the sequel, assuming for simplicity that a superpotential is generated and focusing on its dependence on charged matter.
If C = A n A C A as above and we denote the state associated with an M2-brane on C A by Φ A , then the fluxed M5-instanton generates a superpotential of the schematic form
in the effective action. The prefactor A (Φ A ) n A corresponds to the insertion of the time-like M2-branes ending on the M5-brane instanton. Notice that such prefactor is actually not unique, but is defined up to insertions of possible perturbatively allowed operators, which correspond to changing C by 2-cycles that are perturbatively trivial.
Under a gauge transformation C 3 → C 3 + dΛ 2 , from (2.11) it is clear that the M2-brane insertion in the path-integral transforms as
and then, correspondingly, we can conclude that
This shows that the operator A (Φ A ) n A is charged under a gauge transformation with parameter C Λ 2 . C being trivial in homology, such gauge transformation can be attributed to a massive fourdimensional U (1) gauge symmetry in the sense of [1, 32, 34] . On the other hand, by using (4.1), under such gauge transformations we also have We then conclude that a superpotential of the form (4.3), and more generically an F-term with a similar structure, can be generated, which is exponentially suppressed by e −2πvol (D) . This has to be contrasted with the fact that a perturbative (unsuppressed) superpotential term of the form A (Φ A ) n A is not allowed as a result of a massive U (1) gauge symmetry [1] .
We would now like to connect this purely M/F-theoretical discussion to its weakly-coupled IIB counterpart. Consider a D3-instanton supporting a flux
γa F E = 0 for any intersection curve γ a = E ∩ D a between the D3-brane and the D7-brane, there are no net chiral fermionic zero modes on γ a -see equation (A.7) -and then there is no topological obstruction to the contribution of such D3-instanton to the partition function. In this case F E uplifts to a closed 3-form T 3 on the M5-worldvolume D.
By contrast, if γa F E = 0 for some γ a , then γ a supports a net number of chiral charged instanton zero modes via (A.7). This prevents the D3-instanton from contributing to the path-integral without further insertions. Correspondingly, there is an obstruction to uplifting F E to a well-defined T 3 on the corresponding M5-brane. The rationale behind this obstruction is Poincaré dual to what we have discussed for D1-instantons in [1] . To see this we consider the orientifold-odd 2-cycle Σ E dual to F E on E and notice that γa F E counts the net number Σ E · γ a of intersection points between Σ E and γ a . Since a D7-brane on D a induces a T -monodromy in the fibre around γ a , this monodromy obstructs the F-theory uplift of Σ E to a well defined 3-cycle in D, which should represent the Poincaré dual of a closed T 3 . A consistent configuration then requires that this monodromy must be cancelled by an opposite intersection with another 7-brane D b , such that the curve γ b = E ∩ D b intersects γ b at the set of points p ab . The analogy with the discussion in [1] suggests identifying the non-holomorphic odd 2-cycle Σ E with the curve wrapped by a D1-instanton. However, in that case Σ E would have to intersect γ a and γ b with opposite intersection number by passing through one of the points p ab . For the D3-instanton flux F E dual to Σ E , this localisation requirement can be relaxed due to the dilution of the flux and the only condition is that q a = −q b = n, with q b = γ b F E . In this way the net number of η a andη b zero modes can be the same and the D3-brane partition function can generate a non-trivial term of the kind (2.1) in the effective action. Correspondingly, the D3-instanton flux F E with such intersection numbers uplifts to a non-closed 3-form T 3 satisfying the Bianchi identity (4.1) which is the dual of a non-perturbative 3-chain Γ np ending on the fibral curve C. In this way, as we discussed above, one can insert time-like M2-branes wrapping C, getting a consistent configuration. This corresponds to the absorption of the D3 zero-modes by interaction terms (A.9) and produces the prefactor (Φ ab ) n in (2.1).
M5/D3 instantons in the massive U(1) model
As an example consider the massive U (1) model introduced in [34] . We have discussed this model from the perspective of D1/M2-instanton generated operators in section 6 of our companion paper [1] , to which we refer for further details. In the weakly coupled IIB description, there are two D7-branes along divisors D 1 and D 2 on a Calabi-Yau 3-fold X. They intersect along a curve C 12 = D 1 ∩ D 2 away from the O7-plane where a chiral multiplet Φ charged only under a massive U (1) group is localised. The curve C 12 ⊂ X and its orientifold image C ′ 12 are the uplift of a curve in the base B, denoted as C II in [1] , over which the elliptic fibre degenerates to an I 2 -fibre. Once resolved this fibre contains a resolution P 1 E which is homologically trivial [34] , but only in a non-perturbative sense, that is,
Hence it is capped by a non-perturbative 3-chain Γ np whose volume does not vanish in the F-theory limit. This 3-chain uplifts an orientifold-odd curve Σ ∈ H − 2 (X) intersecting D 1 and D 2 with intersection numbers +1 and −1, respectively [1] . A D1-instanton on Σ uplifts to an M2-instanton on Γ np . Both can generate a D-term of the schematic form Φ e −S .
Consider now an M5-instanton along a divisor D = π −1 D b and suppose that the base divisor D b intersects the matter curve C II in a number of isolated points p k . Over each point p k sits a copy P 1 E,k of the fibral resolution curve. In the language of section 3, for two different points p k = p l , even though P 1 E,k and P 1 E,l are perturbatively homologous in the bulk (that is, [P 1
On the other hand, as discussed in section 3, for a generic vertical divisor D, if a fibral curve on D is non-perturbatively trivial in the bulk then it is so also on D. Hence we generically have [P 1 E,k ] D,np = 0 and then D contains a 3-chain Γ np bounded by, say P 1 E,1 , with non-vanishing volume in the F-theory limit. Hence, by inserting a time-like M2-brane wrapping P 1 E,1 and turning on a non-closed T 3 flux Poincaré dual to Γ np one obtains a consistent M5-brane instanton, which can then generate an F-term coupling Φ e −S M 5 .
At weak coupling, such contribution corresponds to a D3-instanton wrapping a divisor E ⊂ X and supporting a flux F E with γ 1 F E = − γ 2 F E = 1, where γ 1 = D 1 ∩ E and γ 2 = D 2 ∩ E. An example of such flux configuration can be one for which the individual numbers (A.6) of induced charged instanton zero modes are n + 1 = 1, n − 1 = 0 and n + 2 = 0, n − 2 = 1, corresponding to precisely one zero mode η 1 and η 2 . In this case the interaction term η 1 Φη 2 allows for a saturation of the zero modes, thereby inducing said operator. However, all possible supersymmetric flux configurations have to be summed up in the instanton partition function. A different flux F E giving rise to extra vectorlike pairs of zero modes, say χ 1 ,χ 1 on γ 1 , could still be compatible with the same induced operator provided these are absorbed in the path integral by a higher order contact term in the instanton effective action, e.g. of the form η 1 Φη 2 χ 1χ1 . Such choice of F E would correspond also to a different supersymmetric configuration of T 3 -flux whose dual 3-chain nonetheless has the same boundary given by one copy of P 1 E . There are many possible variations of what we have just described. For instance, on top of the generation of couplings charged under massive U (1)s such as (4.3), the instanton can in principle contribute a full tower of uncharged localised operators. For the above M5-instanton producing the Φ e −S M 5 term in the massive U (1) model this is because the same T 3 configuration is also compatible with n copies of M2-branes wrapping the fibral curve P 1 E,1 and n − 1 copies of M2-branes wrapping the orientation reversed −P 1 E,1 over the same point p 1 in the base. Indeed, it is still the case that
This produces a full tower of couplings n Φ nΦn−1 e −S M 5 , where the higher terms are suitably mass-suppressed. In Type IIB language the appearance of this tower of couplings corresponds to an instanton flux F E with the same number of zero modes as before such that the instanton effective action contains not only the coupling η 1 Φη 2 (or its higher order analogue involving vectorlike pairs of zero modes), but likewise their higher order cousins
2 . Integrating out the charged instanton zero modes results in the corresponding operators.
Alternatively, one can consider an M5-instanton with 3-form flux T 3 dual to a different chain Γ np bounded by n copies of P 1 E and n−1 copies of −P 1 E over mutually different points in the base. The n−1 pairs of M2-branes on distinct copies of P 1 E and −P 1 E wrap perturbatively inequivalent fibral curves on D, see equ. (4.7). They do therefore not cancel locally, and compensating T 3 flux must be introduced to satisfy the Bianchi identity. These couplings can in principle be distinguished quantitatively from the ones discussed above because the wavefunction associated with the physical modes Φ andΦ varies over the matter curves; contributions from different points p k therefore lead to different answers, and all consistent configurations must be summed up to obtain the instanton partition function.
Non-perturbative Yukawa hierarchies from fluxed M5-instantons
We now describe how fluxed M5-instantons of the kind discussed in this section can generate contributions to the Yukawa couplings in an F-theory compactification. Apart from serving as an interesting application, such non-perturbative couplings can be of considerable phenomenological interest in GUT model building. To compute the final expression for Yukawa couplings one must sum up, as always, both the perturbative, i.e. tree-level, contribution as well as all non-perturbative corrections. The M5-instanton effect to be described momentarily is a qualitatively new type of such corrections which has not been considered in F-theory before. It will in general modify the hitherto obtained results e.g. for the rank of the Yukawa couplings. In particular the M5-instanton effect in question represents a different type of non-perturbative correction compared to the types of instanton contributions introduced in [37] , which also modify the tree-level expression for the Yukawa couplings in F-theory model building [38] [39] [40] [41] .
In order to illustrate the general idea, we consider for concreteness the SU (5) GUT model reviewed in section 4 of [1] (and studied previously in the references therein). In the base there are two matter curves, C 5 and C 10 , supporting matter transforming in the 5 and 10 representation respectively under the SU (5) gauge group. In the notation of [1] , on C 5 one can explicitly identify two fibral curves P 1
3D
and P 1 3C representing states in the 5 and5 representation respectively, while on C 10 there are fibral curves P 1 32 , P 1 4D and P 1 24 representing states in the 10, 10 and 10 representations respectively. The matter curves C 5 and C 10 generically intersect at two point sets p E 6 and p D 6 on the base B. By moving the above fibral curves along the matter curves, they can merge by a splitting and joining process at p E 6 and p D 6 . This results, respectively, in the following perturbative homological relations [C 10 10 5 
with C 10 10 5 ≡ P
Such bulk perturbative relations allow for the generation, at the perturbative level, of the couplings 10 10 5 and 1055 respectively, in the four-dimensional effective action.
Consider now an M5-instanton along a divisor D = π −1 D b . Generically, it intersects the matter curves C 5 and C 10 at isolated point sets p 5 and p 10 respectively. Hence the above fibral curves in the bulk restrict to fibral curves on D. However, the fibral curves are now stuck at the points p 5 and p 10 and, since generically they differ from p E 6 and p These have to be added to the perturbatively generated Yukawa couplings, which have rank one, basically because their generation can be described ultra-locally around the points p E 6 and p D 6 [80] . The above contribution from fluxed M5-brane instantons is instead delocalised and is expected to generically violate the rank one property. Hence, this may provide a natural mechanism, different from the mechanism proposed in [37] , for generating hierarchical Yukawa couplings. It would be very interesting to develop computational tools to more explicitly evaluate such corrections to the Yukawa couplings.
The appearance of such a fluxed M5-instanton contribution is in agreement with expectations with analogous weakly coupled Type IIB models. If the perturbative Yukawa points p E 6 at which the 10 10 5 coupling is localised in F-theory is absent, a smooth Sen limit can be taken. An example for an F-theory SU (5) Tate model with such a Sen limit has been given in [81] , where the points p E 6 do not arise due to the specific intersection numbers of the base space. In weakly coupled type IIB models, the SU (5) gauge group is known to be accompanied by a geometrically massive U (1) symmetry from the diagonal U (1) in U (5). This massive U (1) symmetry obstructs a coupling 10 2 10 2 5 1 at the perturbative level, where the subscripts denote the U (1) charges. As reviewed in appendix A, even in absence of gauge flux on the 7-branes a D3-instanton can compensate for this U (1) charge if it carries orientifold-odd instanton flux F E . This is precisely the dual configuration to the fluxed M5-instanton considered above. We will give more details on the Type IIB construction of such fluxed instantons in appendix B, albeit for an instanton with non-trivial pullback of the 7-brane gauge flux. Let us now suppose that G 4 | D = 0 or, more precisely, that the dual algebraic cycle C G introduced in section 3 is non-vanishing. We can then write (2.10) in the alternative form
which should be understood up to rational equivalence of C G and perturbative homological equivalence of C. 11 At the coarsest level, (5.1) can be satisfied only if the tadpole condition
is fulfilled. At a more refined level we can either have
In this section we consider the simplest way to solve (5.1), which is by just inserting a number of time-like M2-branes wrapping an algebraic cycle C perturbatively equivalent to
In this case we can set T 3 = 0 and the M5-instanton produces an F-term of the form
(5.4)
11 Notice that changing the rational equivalence class of the algebraic 4-cycle DG associated with a certain G4 flux, but not its homology class, corresponds to a change of the 'Wilson line' associated with the potential C3. Such change restricts to a change of the rational equivalence class of CG within the same homology class in D and, according to (5.1), must be compensated by a corresponding change of T3, consistently with the local split (2.5).
where, if n
A , withΦ A being chiral field conjugated to Φ A . This situation corresponds, at weak coupling, to a D3-brane instanton intersecting two intersecting D7-branes whose world-volume flux generates non-trivial fermionic zero-modes. Their number is reflected in the number of inserted operators Φ A .
In models with geometrically massless U (1)s, the insertion of M2-branes ensures that the G 4 -induced charge of the M5-brane instanton with respect to all massless U (1) gauge symmetries is cancelled by the charged operator insertions. 12 However, (5.4) contains more refined information about the operator that needs to be inserted. This can be regarded as a manifestation of hidden massive U (1) symmetries which induce additional selection rules.
An example in an SU(5) model
We now discuss a realisation of the type of non-perturbatively correction considered in this section in an explicit model. Our example will clearly illustrate the difference between situations in which [G 4 | D ] = 0 ∈ H 4 (D) and thus an insertion of M2-brane states is obviously required to solve the Bianchi identity, as opposed to the more subtle case in which [
. From the above discussion we know that also such configurations require the introduction of M2-branes or 3-form flux to saturate the Bianchi identity, and we will see how this comes about.
We begin by exemplifying the first type of situation by means of a U (1) restricted Tate model with gauge group SU (5) × U (1) X as first described in [82] . The non-abelian gauge group arises from 7-branes wrapping an effective divisor W defined by the equation w = 0, where w is a section of a line bundle L W over the base space B. The resolved elliptic fibrationŶ is described by the vanishing of the hypersurface constraint within an ambient 5-fold. OnŶ the resolution divisors E i : {e i = 0} are rationally fibered over the divisor W in the base with fibre P 1 i . Their dual cohomology classes [E i ] generate the Cartan U (1)s of SU (5). The coefficient a 1 transforms as a section of the anti-canonical bundleK of the base, and similarly a nk are sections of the line bundlesK n ⊗L k W . The U (1) X symmetry is associated with the existence of a (1,1)-form w X defined at cohomological level by
Here and in the following Poincaré duality and the identification of line bundles with the corresponding (equivalence classes of) divisors are understood.
More information on the model and the notation can be found in [82] . In particular, we will need the fact that over the curve C 10 = {w = 0} ∩ {a 1 = 0} the fibre takes the form of an affine Dynkin diagram of the Lie algebra so(10), see figure 1. M2-branes wrapping suitable linear combinations of fibral curves over C 10 give rise to matter states in the 10 and 10-representation of SU (5).
A possible 'vertical' gauge flux, first described in [83] in the pure SU (5) model without U (1) restriction, is given at the cohomological level by Fibre topology over the curve C 10 , corresponding to triangulation T 11 of [82] . The fibral curves arise from the fibral curves P 1 i corresponding to the simple roots over C 10 via the splittings
Here S 24 denotes the holomorphic 4-cycle given as the complete intersection
within the ambient space ofŶ , which lies automatically on the hypersurfaceŶ . The surface S 24 has the structure of a rational fibration over the curve C 10 in the base. The correction terms
are introduced to ensure that G 4 does not break SU (5) gauge invariance.
An M2-brane wrapping the rational fibre P 1 24 of S 24 gives rise to a state with SU (5) weight −µ 10 + α 1 + α 2 + α 3 . 13 In our conventions an M2-brane wrapping P 1 i corresponds to a simple root −α i . The explicit weight vectors and simple roots are given by µ 10 = [0, 1, 0, 0] and
In order to apply the formalism described above we need to define not only the class of G 4 as an element of H 2,2 (Ŷ ), but to specify a rational equivalence class of dual algebraic 4-cycles. Since the notion of (co)homology is coarser than the notion of rational equivalence, this choice of an element in CH 2 (Ŷ ) need in general not be unique. For ease of notation we will use the same symbol to denote an algebraic cycle and its rational equivalence class. The first term in (5.7) is manifestly given by the cohomology class of the algebraic 4-cycle S 24 . As for the correction terms, the cohomology class [K] on the base defines a unique divisor class (up to rational equivalence) since B is simply connected (and we assume the absence of torsion for simplicity). A simple representative is provided by the divisor D a 1 described by the vanishing of the Tate polynomial {a 1 = 0} on the base. Hence we can take the equivalence class of algebraic 4-cycles
as the definition of our G 4 flux. For a review of the notion of intersection product used in this definition we refer e.g. to the discussion in section 2.4 of [36] .
The next step is to compute the element
The restriction of S 24 to D is given by a copy of P 1 24 in the fibre over each of the points obtained by intersecting C 10 with D b . Let us assume that C 10 and D b intersect in n effective points p l . Then we can write this as
where P 1 24 l denotes said fibral curve over the point p l .
As for the remaining terms in (5.9), each resolution divisor E i intersects D in a rational surface given by fibering P 1 i over the curve W ∩ D b . The intersection of this curve with D a 1 is given by the same points p l because D a 1 has been chosen such that D a 1 ∩ W = C 10 . 14 Altogether therefore
where the object C G,l is (the rational equivalence class of) the indicated fibral curves in the fibre f| p l of D. Notice that the homology class
as advertised. This is because the unique intersection point of the rational section S : {s = 0} with the fibre lies on P 1 3 and thus P 1 3 S = 1. In fact, S is the only divisor onŶ with a net intersection number with C G , and this holds by pullback for all divisors on D, provided D is chosen sufficiently generic.
One can then locally cancel the term δ 4 (C G ) in the Bianchi identity by a configuration of M2-branes wrapping the curves C G,l over each of the n points p l . Since this cancellation is local, at each point p l , this is possible for T 3 ≡ 0. Indeed, C G,l is perturbatively equivalent 15 e.g. to the combination of fibral curves
This corresponds to the decomposition of the state associated with an M2-brane wrapping C G,l into the following sum of five 10 weights [82] . Each of the five weight vectors appearing on the l.h.s. of (5.13) gives the Cartan charges of each of the five fibral curves appearing on the r.h.s. of (5.12), over any of the n intersection points p l . They sum up to a state of zero Cartan charges basically because the flux G 4 has been chosen such as not to break the SU (5) gauge symmetry. Thus C G,l can be identified with the rational equivalence class of the sum of these five fibral curves. An M2 wrapping a representative in this class gives rise to an SU (5) singlet obtained from five copies of states in the 10 representation, C G,l ∼ (10 10 10 10 10) sing , (5.14)
where gauge invariant contraction of the SU (5) indices is understood. 16 If we solve the Bianchi identity by a configuration with precisely these M2-branes, the induced operator is (10 10 10 10 10)
The state singlet (5.14) has charge +5 under the U (1) X gauge symmetry as can be readily checked by computing the intersection number C G,l w X = 5 from (5.6) and (5.11). Correspondingly, the M5-brane instanton action is anomalous in such a way that e −S M 5 carries a U (1) X charge of −5n. Indeed, under a gauge transformation (2.6) with Λ 2 = λ w X and λ the gauge parameter in the external dimensions one finds
14 For a more general divisorDa 1 in the same divisor class, the pullback π −1D
. This matches the fact that we can holomorphically transport the fibral curves P 15 To see this use the fact that the splitting of curves P figure 1 . These relations also hold as perturbative homological relations on D for generic D. 16 In fact, there are 6 inequivalent gauge invariant contractions [84] . To determine which of these are generated a more detailed analysis is required, which are not performing here.
Hence, consistently, the operator (5.15) is invariant under the U (1) X gauge symmetry as well.
Having spelled out in some detail the case with gauge group SU (5) × U (1) X , we can immediately extend our considerations to a generic SU (5) Tate model. This can be obtained by setting s = 1 in (5.5) and adding a term a 65 e 5 0 e 3 1 e 2 e 2 4 z 6 . In this case the rational section S is absent and along with it the (1,1)-form (5.6). Hence the U (1) X gauge field cannot be defined nor can the notion of a U (1) X charge of the states. Apart from this, the resolved fibre over the 10-curve does not change significantly, and also the flux (5.7) remains a valid gauge flux. The crucial difference is that now, its pullback G 4 | D vanishes in H 4 (D). As stressed after (5.11), in the U (1) restricted model the extra rational section S is the only divisor with non-trivial intersection with C G . In its absence C G has vanishing intersection number with all divisors onŶ and, generically, also with all divisors on D. The Bianchi identity can still be solved by insertion of M2-branes as before, which gives rise to the same coupling (5.15). This time, however, considerations based on cohomology alone, or equivalenty on the U (1) charges of the states and the M5-brane, would not be sufficient to deduce the form of the coupling.
In the generic SU (5) Tate model, another possibility to solve the Bianchi identity (5.1) would be to turn on a T 3 flux dual to the 3-chain Γ trivialising C G within D, as discussed in the next section. Finally we consider the possibility of a combined presence of a background G 4 flux and of a nonvanishing world-volume T 3 which partially or completely cancels the G 4 contribution to the Bianchi identity (5.1), assuming that the latter corresponds to an algebraic cycle C G which is non-vanishing in the rational homology of D. This situation occurs if the time-like M2-branes inserted in the pathintegral wrap a fibral cycle C ⊂ D which is homologous to C G in H 2 (D) (that is, (2.12) is indeed satisfied) but not in the sense of perturbative homological equivalence on D:
and there exists a non-trivial non-perturbative 3-chain Γ np with non-vanishing volume in the F-theory limit and such that
Consequently we must turn on a non-closed T 3 that can be regarded as the Poincaré dual of Γ np , as we did in section 4. By expanding C = A n A C A into fibral curves, such M5-instanton produces an F-term proportional to
where for n A < 0 we mean Φ n A A ≡Φ |n A |
A . The prefactor A (Φ A ) n A is well-defined only up to possible perturbatively allowed operators, which amount to changing C by 2-cycles that are perturbatively trivial.
This situation includes the case in which, at weak coupling, there are both bulk D7-brane fluxes F a and D3-brane instanton flux F E , such that the D3-instanton charges (A.5) receive contributions from both fluxes. Notice that (6.1) implies that the M2-brane states in fact detect some hidden massive U (1) gauge symmetry, which is associated with a corresponding selection rule. This is the M/F-theory counterpart of the observation stressed in appendix A that, at weak coupling, the flux F E can contribute to the D3-instanton charges (A.5) only in presence of geometrically massive U (1)s. In appendix B we exemplify how this interplay of F E and F a can generate non-perturbative Yukawa couplings in a Type IIB setting with a geometrically massive U (1).
As a particular subcase, suppose that C G is trivial in ordinary homology, but [C G ] D,p = 0 so that
as for instance in the setting considered at the end of section 5.1. In this situation it is consistent to set C = 0 so that the M5-brane instanton can contribute to an F-term which is not dressed by any matter operator due to the cancellation of C G by instanton flux,
This is an important effect in the context of moduli stabilisation which had been anticipated in [33] for weakly coupled Type IIB orientifold compactifications, where the D3-instanton flux cancels the gauge flux induced charge of the instanton with respect to a geometrically massive U (1).
In the remainder of this section we elucidate how this can be realised in the language of M5-instantons. Since massive U (1) gauge flux is notoriously difficult to describe explicitly in global F-theory models (see however [42] ), we will exploit the stable degeneration limit [43, 44] of the massive U (1) model of [34] . Along the way, we will gain further insights into the structure of massive U (1) gauge flux which are interesting also independently of the applications to the M5-instantons.
Digression: Massive U(1) gauge flux in the stable degeneration
The Sen limit [85, 86] of an F-theory model can be described in terms of a complex family of elliptically fibered 4-folds Y ǫ with the limit ǫ → 0 parametrising the weak coupling regime. One can describe such limit as a stable degeneration [43, 44] in which the 4-fold Y ǫ degenerates to
Here Y E is a P 1 -fibration over the base B. Its degeneration locus ∆ E = 0 defines the position of the D7-branes in the weak-coupling limit. Y T is also a P 1 -fibration over B, but it never degenerates. In particular, it has a global section, with associated divisor Z, inherited from the degenerated elliptically fibered 4-fold. Furthermore Y E and Y T intersect on the Calabi-Yau 3-fold X, which coincides with the IIB orientifold double cover of the base B with projection map p : X → B.
As discussed in [43, 44] , the cohomological structure of the nearby non-degenerated elliptic fibration Y ǫ is encoded in the logarithmic de Rham cohomology groups H k log (Y 0 ), which can in principle be identified through the long exact sequence
The cohomology of Y 0 in turn follows from the cohomology of Y T and Y E via the Meyer-Vietoris exact sequence. In particular, we will need the fact that elements of H k (Y E ) define non-trivial elements of H k (Y 0 ) only if their restriction to X is trivial in H k (X) or even under the orientifold projection σ : X → X. A rather detailed explanation of this is can be found in section 6 of [1] .
One can exploit these relations to identify the 2-cocyles on Y 0 which generate the uplift of the U (1) symmetries of the IIB model. The D7-branes are located at the discriminant locus ∆ E = 0, over which the Y E fibre degenerates. Suppose that ∆ E splits into into irreducible components ∆ E = a ∆ E a so that {∆ E a = 0} defines the locus of a single connected D7 a -brane. Over each component ∆ a the fibration locally splits into two rational fibrations R + a and R − a . Correspondingly, for each D7 a -brane, one can locally construct the divisor [87] 
Notice that such divisor is not always globally well-defined, for instance when the corresponding D7-brane wraps a single orientifold invariant divisor on the double cover Calabi-Yau X. By Poincaré duality, S E a defines a 2-cocycle w
on Y E , associated with the U (1) gauge field supported on {∆ E a = 0}. As mentioned above, w E a extends to an element of H 2 (Y 0 ) if it restricts to an even or trivial class on X. Now, the divisor R + a intersects X on the divisor D a ⊂ X wrapped by the D7 a brane, while R − a intersects X on its orientifold image D ′ a = σ * D a . Thus w E a restricts on X to the odd 2-cochain
This perfectly matches the weakly-coupled IIB picture. In particular, the geometric Stückelberg mechanism is at work when [D a − D ′ a ] = 0, which corresponds to the case in which w E a cannot be extended to an element of H 2 (Y 0 ) [1] . Now consider any flux F a on D a and its orientifold image flux F ′ a = −σ * F a on D ′ a . 17 We can take the respective Poincaré dual 2-cycles Σ a and Σ ′ a in X, such that Σ ′ a = −σ * Σ a . Σ ′ a and −Σ a project to the same 2-cycle C a on the base B, C a = p * Σ a = −p * Σ ′ a . Let us denote by A ± a the restriction of R ± a over C a . Hence, if
is a globally well defined algebraic 4-cycle, we can use the prescription given in [87] and introduce a G 4 flux on Y E as
Notice that, by construction, A ± a are such that A + a ∩ X = Σ a and A − a ∩ X = −Σ ′ a . Hence G E 4 restricts on X to the algebraic 2-cycle (6.10) which, crucially, is odd under the orientifold involution. By the argument given after (6.7), this implies that G E 4 defines a 4-cocycle on the entire Y 0 if and only if G E 4 | X is trivial in cohomology, i.e.
But this is exactly the well-known D5-charge tadpole condition for the D7-brane world volume fluxes! The importance of the D5-tadpole condition in constructing massive U (1) fluxes had been stressed already in [32] . Hence, once the tadpole condition (6.11) is satisfied, G E 4 extends to a globally defined 4-form flux G 4 on Y 0 . Notice that this construction works without any assumption on the U (1) gauge fields supported on the D7-branes, which can be either massless or not.
Cancellation of massive U(1) flux on M5-instantons in the stable degeneration limit
We are now armed to use this description of a 'massive U (1)' gauge flux in the stable degeneration in order to analyse the restriction of such flux to an M5-instanton. To this end consider the massive U (1) model introduced in [34] and further investigated in section 6 of [1] . The full F-theory model is 17 In the case of orientifold invariant
defined in terms of an elliptically fibered 4-fold Y which asymptotes, in the stable degeneration limit,
Here [y : s : z] parametrise the fibre ambient space P 231 , and t and λ are related to the small coupling parameter ǫ defining the Sen limit as Y 0 = lim ǫ→0 Y ǫ . Finally, a 21 , η, χ, w are suitable base sections. The discriminant of the rational fibration Y E , 13) describes the 7-brane locus on the base B of Y E . The brane on the divisor W : {w = 0} corresponds to a non-homologous brane-image pair on the Type IIB double cover X. Its relative U (1) is massive by the geometric Stückelberg mechanism. The remaining 7-brane wraps an orientifold-invariant Whitney brane on X and carries no gauge group. The intersection of both branes splits into two curves
14)
The curve C II represents the intersection locus of the two 7-branes away from the orientifold, which wraps the divisor {a 2 1 +w a 21 = 0}. Over C II the full 4-fold Y acquires an I 2 fibre singularity, indicating the presence of localised matter charged only under a massive U (1) group [34] . On Y E , the singularity descends to a conifold singularity at y = s = 0 in the fibre over C II . It can be removed by a small resolution of Y E intô
with [λ 1 : λ 2 ] homogeneous coordinates on the resolution P 1 dubbed P 1 E in the sequel. In particular, at y = s = w = χ = 0, λ 1 and λ 2 are unconstrained inŶ E , which indicates the presence of P 1 E . The full 4-fold Y does not admit a crepant small resolution, but could be resolved into a non-Kähler spacê Y . While P 1 E is homologically non-trivial onŶ E , it is trivial in the homology of suchŶ [34] . In fact, it is trivialised already on Y 0 by a non-perturbative 3-chain Γ np extending into Y T [1] such that
In the language of [1] , [P 1 E ] np = 0, but [P 1 E ] p = 0 onŶ (and Y 0 ). M2-branes wrapping P 1 E give rise to the expected matter states charged under the massive U (1). 18 This massive U (1) symmetry and its associated gauge flux can be understood with the help of the cylinder construction which was generally introduced in the context of the Sen limit in [43] and further worked out in [34] to concretely describe the uplift of geometrically massless U (1)s and their fluxes. To this end, note thatŶ E | W splits into R + ∪ R − with
We can then apply the general procedure outlined above, construct a globally well defined divisor 1 2 (R + − R − ) and introduce the Poincaré dual 2-form (6.18) which represents the generator of the relative U (1) symmetry associated with the brane-image pair. The observation that w E defines a non-trivial element of H 2 (Y E ) which do not extend to an element of H 2 (Y 0 ) is in agreement with the fact that this U (1) symmetry is massive [1] .
Over the matter curve C II , R + becomes further reducible in that its rational fibre splits into P 1 E ∪ P 1 + with
Here we have introduced T as some auxiliary base divisor intersecting C II in one generic point to single out one copy of the fibral curve. Let us furthermore denote the fibre of R − over C II ∩ T by
These fibral curves have the following intersection numbers with R ± ,
These can be computed by counting the number of transverse intersections in the fibre in an elementary way. Non-effective intersections can be deduced by noting that R + + R − can be deformed away from W because it represents the full fibre over W . Hence its intersection number with P 1 ± and P 1 E vanishes. Thus e.g. and
From these considerations we read off the U (1) charge of matter from an M2-brane wrapping
For later purposes we observe that also
According to the above general prescription, a gauge flux with respect to the massive U (1) on the 7-brane wrapping W uplifts onŶ E to
Here C flux is a 2-cycle on W whose homology class is Poincaré dual to the gauge flux. In general the flux is subject to the non-trivial constraint (6.11), which might force us to switch on also gauge flux on the invariant 7-brane. 19 Consider now the vertical divisor wrapped by the M5-instanton, which is likewise described by a family D ǫ ⊂ Y ǫ , stably degenerating at [43] in such a way that
with E the divisor wrapped by the D3-instanton on the Type IIB Calabi-Yau 3-fold X. Notice that only the component D E is sensitive to the presence of the gauge flux and the 7-branes. The base divisor D b intersects W in an effective curve
We are interested in the curve C G dual to the pullback of the flux to D,
C G has support in the fibre over the intersection points of the 2-cycles C flux and C D inside W . Since the 2-cycle C flux is in general not effective, these intersection points split into n + effective intersection points p i and n − anti-effective ones q j ,
The cycle C G is therefore in general given by the linear combination
What remains is to understand the fibre of 
The subscripts denote that the fibral cycles are equivalent to
As noted before, P 1 + − P 1 − has the same massive U (1) charge as P 1 E . Away from the stable degeneration limit, we know that the fibre over C II is of Kodaira type I 2 , which leaves room only for a single resolution P 1 . Therefore, P 1 + − P 1 − asymptotes to P 1 E on Y ǫ with ǫ = 0, the only other possibility being that it just desappears. In any case, the curve C G becomes trivial in the homology of D ǫ away from the stable degeneration point and thus meets the crucial prerequisite that it can be canceled by the instanton flux. More precisely, one can adapt the discussion in [1] and argue for the presence of a non-perturbative 3-chain Γ flux np ⊂ D with
Then the contribution of C G to the Bianchi identity can be canceled via a T 3 flux such that
If such T 3 flux satisfies the supersymmetry conditions, the M5-brane instanton produces an F-term ∼ e −S M5 not containing any charged matter insertion.
U (1) enhancement along instantons
We now come back to the interesting phenomenon pointed out in section 3 that a vertical divisor D can contain extra sections which do not arise by pullback from the ambient spaceŶ . Generally in such a situation, the M5-brane on D probes a 'locally massless U (1)' gauge group which is broken globally onŶ . Physically, the Higgs field responsible for the mass of the U (1) potential has vanishing restriction to D. This could be either a Higgs field localised on a matter curve or another axionic field participating in a geometric Stückelberg mechanism for the U (1). See [1] for a distinction of these two. In models with a well-defined weak-coupling limit, the latter situation corresponds to vanishing restriction of the odd 2-cocycle associated with the C 2 axion on the D3-brane instanton divisor E ⊂ X.
Apart from being interesting by itself, the appearance of extra sections on M5-instantons implies a subtle selection rule affecting the instanton contributions to the path integral which must be taken into account. The reason is that in this case the pullback of homologically trivial fibral curves can be homologically non-trivial on D. This may obstruct an otherwise expected contributions to the effective action. As a warm-up we first describe the appearance of a 'local U (1)' along an M5-instanton in a simple example, and then apply the same observations to a fibration with a multi-section.
A 'local U(1)' along a vertical divisor
Consider an elliptic 4-fold Y given by a Tate model of the form P = 0 with
where a i are sections ofK i . Assume that a 6 = ρ τ , with ρ and τ sections of appropriate line bundles.
Imagine now an M5-brane instanton along the divisor D = π −1 D b , with D b = {τ = 0} being a single connected effective divisor. The vertical divisor D is by itself an elliptically fibered 3-fold described by Since the rational section Sec D passes through the singularity in the fibre it becomes singular itself. In order to avoid having to discuss the (co)homology of D as a singular space, we can resolve it by a small resolution or by a standard blow-up (x, y) → (x s, y s). The latter option leads to an auxiliary spaceD given by the proper transform of D with respect to the blow-up,
The fibre over the point set {ã 3 = 0} ∩ {ã 4 = 0} inD splits into two rational curves intersecting like a Kodaira I 2 -fibre. We will denote by P 1 S the resolution P 1 which replaces the singular fibre point x = y = 0.
We should stress that the transition toD does not mean that we perform an actual blow-up on Y . Rather we define the resolutionD as an auxiliary space which asymptotes to D in the F-theory limit of vanishing fibre volume. We will see momentarily how to relate the topological data ofD to observables of the physical F-theory model.
The resolved rational section is identified with the divisor SD = {s = 0} onD. As in the U (1) restricted Tate model this divisor wraps the resolution P 1 S over {ã 3 = 0} ∩ {ã 4 = 0} inD. This makes the appearance of a 'local massless U (1)' alongD (and thus also on D) evident, generated by the combination SD − ZD. From a type IIB perspective the reason for this local enhancement is easy to understand. Recall first that the Sen limit of a U (1) restricted Tate model, i.e. of a 4-fold Y of the form (7.1) with a 6 ≡ 0 globally, corresponds to a brane-image-brane pair along two homologous divisors intersecting on a curve on the Calabi-Yau double cover X. 20 This curve is the uplift of the curve C 34 = {a 3 = 0} ∩ {a 4 = 0} to X [31] . The U (1) gauge group is the relative U (1) between both D7-branes. Deforming this to the generic Tate model by switching on a 6 breaks this U (1) completely by moving along the Higgs branch for the charged matter fields along C 34 . This recombines the two D7-branes into an invariant D7-brane of Whitney-umbrella type [88] . Due to the specialisation of a 6 = ρ τ this divisor takes a special form [35] . The instanton divisor at τ = 0 intersects the Whitney brane in two separate, intersecting curves exchanged by the orientifold involution. I.e. the restriction of the invariant 7-brane to the instanton splits up into a brane-image-brane pair. This is the reason why the elliptic fibration D itself takes the form of a U (1) restricted Tate model. The 'local U (1)' probed by the instanton is the associated relative U (1) which is unbroken only on the intersection of the 7-brane with the instanton divisor, and the I 2 -singularities on D sit over the uplift of the intersection points of the two intersecting curves within {τ = 0}. Physically, the Higgs field which is responsible for the breaking of U (1) → ∅ in the ambient space restricts to zero locally on the divisor {τ = 0}.
In the Tate model (7.1) with a 6 = ρ τ , one can consider the 4-form flux [35] 
describes a 4-cycle in the ambient space Y 5 of Y which automatically lies on Y due to the factorisation a 6 = ρ τ . Furthermore we have defined P = {ρ = 0}. In fact, in the presence of this flux the restriction a 6 = ρ τ follows dynamically by solving the F-terms resulting from the induced superpotential [35] .
On the singular divisor D ⊂ Y this flux G 4 restricts to
(7.6) withP = P| D b . As discussed above, on the auxiliary spaceD, the independent singular section Sec D is resolved into SD and we are to consider
In particular we see thatĜ 4 is cohomologically non-trivial onD (and, in fact, the same is true for G 4 | D on the singular space D). Therefore it is not possible to cancel its contribution to the Bianchi identity in terms of T 3 alone. To compute the homology class of its dual curve C G , recall that the fibre over {ã 3 = 0} ∩ {ã 4 = 0} splits into two intersecting P 1 s. By comparison of intersection numbers, using in particular that 8) one can show that
To satisfy the Bianchi identity it is therefore necessary to insert M2-branes wrapping suitable copies of P 1 S such as to cancel this contribution. From the perspective of the 'local U (1)' onD, these states have charge ±1. However, on Y no such notion of a U (1) exists. Rather, these states should be interpeted as uncharged brane moduli as opposed to localised charged matter. Indeed, if we set a 6 ≡ 0 globally on Y , the fibre over the curve {a 3 = 0} ∩ {a 4 = 0} is singular and charged matter of charge ±1 resides here. As recalled before the deformation to a 6 = 0 corresponds to a D-flat Higgsing. E.g. if there is precisely one vectorlike pair (Φ 1 ,Φ −1 ) of localised Higgs fields, one linear combination of N = 1 chiral mulitplets is absorbed by the super-Higgs mechanism and one chiral superfield remains as a brane modulus. The profile of this brane modulus is delocalised along the 7-brane. But on D, where the Higgs VEV vanishes, we can locally describe it in terms of an M2-brane wrapping the resolution curve P 1 S after moving to the resolved spaceD. This reflects the origin of this field as a combination of charged modes before Higgsing.
This interpretation is in agreement with the behaviour of the brane-image configuration in the Sen limit. A Whitney brane on a divisor W intersects a generic invariant divisor E in a single curve C W E = W ∩ E, which is invariant under the orientifold involution. Since the gauge flux F W is orientifold odd, C W E F W = 0. Zero modes localised on C W E are, if any, non-chiral. They can be absorbed by couplings of the form λΦλ with Φ a deformation modulus of W . For the specific divisor associated with our instanton however,
Since no global U (1) exists this does still not imply an actual chiral excess of brane-instanton modes. Put differently, a mode λ stretching from E to W on C 1 is paired with a modeλ stretching form W to E on C 2 , with which it is identified under the orientifold action. The zero modes can be absorbed by the same type of coupling to a brane modulus as before.
Consequences for matter couplings in a multi-section fibration
Since the plain Tate model (7.1) exhibits no localised matter, this setup is not appropriate to illustrate the consequences of a 'local U (1)' for the contributions of the M5-instanton to the charged matter couplings. A generalisation of this setup is to allow for an n-section on the ambient 4-fold Y to split on D into n independent sections. This happens whenever D misses the branching locus on the base around which the n intersection points of the multi-section with a local fibre are exchanged. A simple example is the bisection model discussed at length in [45] [46] [47] [48] [49] [50] [51] (see [75] for the discussion of a trisection model) given by the hypersurface constraint P = 0 with
It has a bisection U : {u = 0} ∩ {w + By the same reasoning as in our first example, this is because setting c 4 ≡ 0 unhiggses the Z 2 discrete symmetry present in the F-theory compactification to a massless U (1) gauge symmetry [46] . The divisor D acquires a conifold singularity in the fibre over {b 2 = 0} ∩ {c 3 = 0} while the divisor D b (and also the ambient 4-fold) is smooth. As before we consider as an auxiliary space the resolution of D by blowing up (u, w) → (u s, w s) and passing to the proper transformD = {PD = 0} with
This is the U (1) model of [89] , which generalises the previous U (1) restricted Tate model. The two independent sections can be identified with UD = {u = 0}, SD = {s = 0} . (7.14)
Let us now turn to the effect of this instanton on matter couplings. On the 4-fold Y the torus fibre splits, over a certain curve C II , into two homologous rational curves A II and B II . 21 In fact, for a fibration over a generic base space, [A II − B II ] p = 0 [1] . This is because both P 1 s intersect the bisection U in one point each, but these two points are exchanged globally by a monodromy around a set of points given by the intersection of C II with the branching-locus {b By contrast our special instanton divisor with D b = {τ = 0} cannot fulfill the condition (7.15) . This superselection rule can only be bypassed in a background with suitable gauge flux on Y whose restriction toD is likewise cohomologically non-trivial. In [50] a gauge flux for the bisection fibration (7.10) was proposed of the form
] withP = P| D b and P = {ρ = 0}. We can then make an ansatz for the class of the Poincaré dual 2-cycle C G . Recall furthermore thatD is a Bl 1 P 112 [4] fibration of the form studied in [89] . We can therefore use our knowledge of the intersection numbers and the structure of fibral curves of this model, as briefly summarised for our purposes e.g. in [50] . Apart from the resolved I 2 fibre with components A II and B II , the fibre ofD hence degenerates at the points {b 2 = 0} ∩ {c 3 = 0} into two intersecting P 1 s A I and B I . The intersection structure of fibral curves and sections onD is 
In particular there is no cohomological obstruction to solving the Bianchi identity
To determine whether T 3 = 0 is required one must study C G at the level of rational equivalence classes rather than merely compute its cohomology class onD. A supersymmetric T 3 satisfying (7.21) can then give rise to an F-term of the schematic form
This can arise at the level of the superpotential if the appropriate conditions on the fermionic zero modes on D are satisfied.
Conclusions
We have analysed the selection rules governing the contribution of M5-brane instantons to the effective action of general F-theory compactifications. Our starting point has been the Bianchi identity (2.10), which relates the classical M5-instanton flux T 3 to the pullback of the 4-form background gauge flux G 4 . If this equation has a solution requiring in addition the insertion of time-like M2-branes on suitable curves in the torus fibre, then the fluxed M5-instanton gives rise to an operator in the effective action dressed by the associated charged matter fields [13, 16, 20] . This is the F/M-theory analogue of by now well-known mechanisms for D-brane or heterotic worldsheet instantons in weakly coupled string theories [3] [4] [5] [6] . Such charged matter dependence of the instanton generated coupling can be a curse or a blessing: The latter because the resulting non-perturbatively suppressed operators can be phenomenologically interesting by themselves (see e.g. [7] and references therein), the first because this can be a challenge to the stabilisation of all Kähler moduli [90] . It is therefore of considerable interest to advance our understanding of the M5-instanton selection rules in F-theory.
Progress in this direction hinges upon the central question in what geometric sense the Bianchi identity (2.10) must be satisfied. We have argued that the specific instanton contribution to the partition function is encoded in an analysis of the Bianchi identity modulo perturbative homological relations as introduced in our companion paper [1] . Perturbative homological relations are defined as relations in the fibre homology up to deformations which holomorphically transport fibral curves along 3-chains with one leg in the base only. For instance, rationally equivalent fibral cycles are also equivalent in this sense. This makes contact with the description of background gauge fluxes in terms of rational equivalence classes of 4-cycles [36] .
Our approach enables us in particular to investigate situations in which the pullback of the flux G 4 to the instanton divisor is trivial in the homology of the instanton divisor D, but non-trivial as a rational equivalence class on D. In this case gauge invariance with respect to massless U (1) gauge symmetries poses no constraints on the instanton contributions, yet we have seen how the presence of the gauge flux must -and can -be compensated by insertion of suitable time-like M2-branes and/or by a supersymmetric 3-form field strength T 3 on the instanton. Such fluxed M5-instantons can be viewed as M5-M2-bound states which, unlike the M2-instantons themselves, can contribute to the superpotential or other F-terms. From an effective field theory point of view, the selection rules we have found in this case can be interpreted as due to a geometrically massive U (1) symmetry in the sense of [31, 32] . We have been able to find an intrinsic F/M-theoretic description of such effects which agree, in models with a weak coupling limit, with results from fluxed D3-brane instantons [19, 33] .
In this context we have also revisited the challenge of constructing the gauge flux associated with massive U (1) symmetries in F-theory. We have extended the analysis of [34] and investigated such flux in the stable degeneration limit [43, 44] of a prototypical massive U (1) model. This way we have been able to confirm expectations from the IIB limit concerning the interplay of massive U (1) fluxes and instanton flux. A mathematical challenge for the future will be to extend this description of massive U (1) flux away from the stable degeneration limit to non-weakly coupled F-theory compactifications. A crucial role in this context will be played by the logarithmic cohomology of the stably degenerate 4-fold arising in the Sen limit [43, 44] .
From a formal perspective it would be desirable to gain a deeper understanding of the relation between the type of homological relations considered in our work and standard notions of equivalence between cycles such as algebraic and rational equivalence. A related challenge is to explicitly construct the 3-chains and the dual supersymmetric non-closed 3-form flux on the instanton appearing in the Bianchi identity. Furthermore, our conclusions regard the selection rules governing the qualitative structure of the couplings produced in the effective actions. Much more effort would be required to actually identify the precise form of such terms, by computing the instanton partition function. This important missing step may be achieved by combining the F/M-theory description adopted in the present paper with the purely non-perturbative IIB approach proposed in [19, 22, 24] , in which the instanton effective action is described by a four-dimensional duality twisted N = 4 SYM theory.
An interesting phenomenological off-spring of our analysis is the observation that fluxed M5-instantons do in general produce non-perturbative corrections also to perturbatively allowed Yukawa couplings beyond the ones considered so far in the literature [37] [38] [39] [40] [41] . The relevance of this point is that such non-perturbative corrections are expected to modify the rank of the Yukawa couplings e.g. in realistic GUT models and might thus account for the observed hierarchies in the flavour sector. It will be exciting to investigate the consequences of the fluxed instanton contributions proposed in this work in this regard.
A Type IIB backgrounds at weak coupling
Consider a general weakly coupled IIB orientifold on a Calabi-Yau 3-fold X with D7-branes and O7-planes associated with a holomorphic orientifold involution σ : X → X. The D7-branes can appear either in pairs (D7 a , D7 ′ a ), wrapping internal effective divisors (i.e. holomorphic 4-dimensional submanifolds) (D a , D ′ a ) with D ′ a = σ * D a = D a , or as single D7 α , wrapping orientifold invariant effective divisorsD α = σ * Dα . In this section, in order to simplify the presentation, we also assume that there are no stacks of multiple D7-branes, which could be straightforwardly included in the discussion. The field-strengths on the D7-branes are denoted by F a , F a′ andF α respectively, which must satisfy the orientifold projections F a′ = −σ * F a andF α = −σ * F α . In particular,F α must be odd. We allow for possible non-trivial supersymmetric expectation values for such field-strengths, i.e. such that F 0,2 = 0 and F ∧ J = 0. Such supersymmetric fluxes define corresponding primitive cohomology classes in H 1,1 (D a ) and H 1,1 (D α respectively. Notice that we are implicitly ignoring a possible half-integer shift of the D7-brane fluxes due to the Freed-Witten quantisation condition [91, 92] , which can be taken into account without substantially changing our discussion. The supersymmetry condition F 0,2 = 0 for the D7-brane fluxes can be then restated in homological terms by choosing the dual 2-cycle Σ as a linear combination of holomorphic curves, Σ = C −C, while the primitivity condition is solved by requiring C J = C J. Since C J ≥ 0 and C J ≥ 0 (in absence of singularities), we conclude that both C andC must be non-vanishing.
Once the backreaction of these world-volume fluxes is taken into account, they generically source a G 3 field strength. On top of this, one can also have some purely bulk G 3 -flux. However, our main considerations do not depend on such bulk flux and in this section we set it to zero for technical simplicity. Furthermore, we assume that the Neveu-Schwarz field B 2 does not contain any half-integer closed contribution that is even under the orientifold involution, a possibility which is a priori possible in perturbative IIB theory but whose F-theory uplift is more involved.
For the present paper, an important observation is that the four-dimensional U (1) a gauge symmetries can be massive by a Stückelberg mechanism [93, 94] . This follows concretely from the transformations of the Ramond-Ramond (R-R) gauge potentials
A quick derivation can be found e.g. in Appendix B of [1] , which also explains the notation for the R-R potentials adopted here. The four-dimensional effective theory only sees the cohomological content of (A.1), which is given by 
a identifies an orientifold odd class in H 4 (X, Z) while Σ a − Σ ′ a identifies an orientifold even class in H 2 (X, Z). The geometric and flux-induced Stückelberg mechanisms are at work if these particular classes are non-vanishing.
A.1 Charged D3-brane instantons at weak coupling A supersymmetric instantonic D3-brane must wrap an effective divisor E ⊂ X and can support a self-dual world-volume flux F = 1 2π F E − ι * B 2 , F = * E F, as discussed for instance in [19, 22, 33] . Notice that in general one must sum over all consistent flux configurations in order to evaluate the complete D3-instanton contribution to the four-dimensional effective theory. We focus for simplicity on so-called O(1) instantons [95] [96] [97] [98] . This means that E is a single connected orientifold invariant divisor, albeit not pointwise, i.e. E = σ * E. In this case the instanton flux must be orientifold odd, 24 The F-term contribution of a single fluxed O(1) instanton to the effective theory is proportional to e −S D3 with
where the DBI-volume is measured in string frame. Notice that we have included a prefactor of 1 2 due to the orientifold projection.
Let us denote by Σ E ⊂ E the two-cycle Poincaré dual to 1 2π F E in E, as well as its push-forward to the bulk X. Notice that the Freed-Witten quantisation condition [91, 92] requires, for vanishing discrete background B 2 -field,
to be an integer class. For a holomorphic divisor E on a Calabi-Yau X, K E = E. Since F E is orientifold odd but E is, by assumption of an (orientifold even) O(1) instanton, both terms in the quantisation condition must be integer classes by themselves. I.e. F E must be an integer class and E must be spin. 25 Both conditions are altered in the presence of background B-field as described in [33, 99, 100] . As for the D7-brane world-volume fluxes, we can represent Σ E as the difference of holomorphic curves on E. Since Σ E must be odd under the orientifold involution, we can write Σ E = C E − C ′ E , with C ′ E = σ * C E . The gaugings (A.2) of the R-R fields imply that e −S D3 transforms as a charged object under the D7-brane U (1)s [3] [4] [5] [6] e
with quantised charge given by [33] 
Here we have used
In passing, notice also that Σ E ·D α = 0 for a D7-brane along an orientifold even divisorD α since Σ E is odd.
It is important to appreciate that the charges (A.5) receive a contribution from the 7-brane flux and the instanton flux and that e −S D3 is charged only under the combinations of U (1)s that are Stückelberg massive. In particular, since Σ E is odd and E is even, we can write
, which makes manifest how Σ E ·D a and E ·Σ a in (A.5) are due to the geometric and flux-induced Stückelberg gauging (A.2a) and (A.2b), respectively. 24 In order to contribute to the superpotential, as opposed to higher order F-terms, the divisor E must be rigid. For more details see e.g. the review [7] and references therein. Our considerations can furthermore be adapted to more general D3-brane instantons. In particular, a so-called U (1) instanton wraps the pair of divisors E and E ′ = σ * E = E. The contribution of such instantons to the effective theory is more subtle. 25 For more general instantons, in particular for U (1) instantons, this conclusion may be modified.
The charges (A.5) are crucial for determining the selection rules governing the couplings that appear in the four-dimensional effective theory. Adopting the terminology of [1] , the U (1) gauge symmetries that are Stückelberg massive remain as perturbative selection rules for the F-terms involving charged matter fields. On the other hand, supersymmetric D3-instantons can produce nonperturbative F-term couplings that are exponentially suppressed by e −S D3 and violate such perturbative selection rules, possibly reducing them to discrete ones [101] . Indeed, the charge of e −S D3 must be compensated by the contribution to the same coupling of matter fields with opposite overall charge under the Stückelberg massive U (1)s [3] [4] [5] . Let us review the microscopic origin of this effect.
The contribution of a D3-brane instanton to the four-dimensional effective theory is obtained by evaluating the corresponding partition function. In particular, the phase shift (A.4) associated with the D3-brane classical action is compensated by the appearance of fermionic zero modes in the pathintegral measure. Let us define the curves γ a = D a ∩ E, γ ′ a = D ′ a ∩ E andγ α =D α ∩ E. For instance γ a supports n + a chiral fermions η a with charge +1 and n − a zero modesη a with charge −1 under the four-dimensional U (1) a gauge group. 26 The exact number of such zero modes on the curve γ a is given by 27
Here L E and L a are the line bundles with curvature γa defines the spin structure on the curve γ a . Similarly there exist n ′+ a and n ′− a zero-modes η ′ a andη ′ a on γ ′ a , and n + α andn − α zero-modes η α andη α onγ α , counted by corresponding cohomology groups. The chiral index of such charged zero modes of a fluxed D3-brane instanton is therefore given by [33] 
in agreement with (A.5). Furthermoren + α −n − α = 1 2π γα (F E −F α ) = Σ E ·D α −Σ α · E = 0, since Σ E andΣ α are odd, whileD α and E are even.
Because of the orientifold projection only, say, η a ,η a , η α ,η α , contribute to the D3-instanton pathintegral measure a dη a dη a α dη α dη α , (A. 8) which, under the U (1) a gauge symmetries, transforms with a phase e −iqaλ a . Of course, in absence of D3-brane interactions that can 'soak-up' such zero modes, the instantonic D3-brane partition function, although formally gauge invariant, identically vanishes.
On the other hand, if two curves, say, γ a and γ b intersect at points p ab = γ a ∩ γ b , the chiral fermions couple to bosonic charged matter zero-modes Φ ab localised on the matter curves D a ∩ D b of charge (−1, 1) under U (1) a × U (1) b . The instanton effective action can then include gauge invariant interaction terms of the schematic form η a Φ abηb . (A.9)
Imagine for instance two D7-branes such that the instanton has charges q a = −q b = n, and suppose furthermore that this charge counts the exact number of charged fermionic zero modes η a andη b , so that they do not enter in any vectorlike pair. Hence, the term (A.9) can soak up the n fermionic zero modes of type η a andη b , producing an F-term proportional to (Φ ab ) n e −S D3 . (A.10)
The same argument can be repeated for interactions involving other chiral fermions and four-dimensional chiral fields. See also the review [7] for more information on such instanton induced couplings. Note that the appearance of a suitable coupling of the type (A.10) depends on the exact number n + a , n − a of charged instanton zero modes rather than merely their chiral index.
Finally, notice that even in presence of 7-brane gauge fluxes, there could be a cancellation of the D3-instanton charges q a so that no insertion of chiral fields is needed. This happens if
(A.11)
According to the above discussion, this cancellation can happen only if the U (1) a gauge symmetry is massive by both the geometric and flux-induced Stückelberg mechanisms. This effect can have important consequences e.g. for the role of the instanton in moduli stabilisation [33] as the instanton flux can help in overcoming the challenge pointed out in [90] . One of our goals is to understand this phenomenon in F-theory.
B A non-perturbative Yukawa coupling via the interplay of instanton and gauge flux in a Type IIB setting
In this appendix we come back to the non-perturbative generation of the 10 10 5 Yukawa coupling in SU (5) GUT models discussed at the end of section 4, but focus on the analogous D3-instanton configuration in the weakly coupled Type IIB limit. The fact that in Type II orientifolds instantons can generate this coupling is well-known [102] . Our goal here is to exemplify the interplay between the gauge and the instanton flux in a concrete example. This way we illustrate that the difficulty of finding an explicit supersymmetric 3-form flux T 3 in M-theory translates into the challenge of constructing a line bundle on the instanton with the correct amount not only of chiral, but also of non-chiral charged zero modes.
Concretely, consider the SU (5) Tate model presented in [81] in its Sen limit. At weak coupling, this model reduces to a Type IIB orientifold compactification on a Calabi-Yau 3-fold X with three divisor classes H, U , V together with an orientifold involution exchanging U and V . This geometry has also been used in section 6.5 of [1] , to which we refer for more details. The non-trivial intersection numbers of the divisor classes on X are given as H 2 U = 2, HU 2 = −2, U 3 = 2, HU V = 1, U 2 V = −1 (plus the ones obtained by exchanging U and V ).
A stack of 5 coincident 7-branes on U together with the orientifold image stack on V give rise to a gauge group U (5). The 7-brane tadpole is canceled by an invariant 7-brane along a Whitneytype divisor Σ in class 8H + 3(U + V ). Charged matter in the representation 10 2 resides on the curve C 10 = U ∩ V and an extra representation 5 1 is localised on C 5 = U ∩ Σ. It would be easiest to focus on a situation with vanishing gauge fluxes. However, recall that the Freed-Witten quantisation condition enforces a gauge flux on a 7-brane along a non-spin divisor Q in such a way that c 1 (L Q ) + 1 2 c 1 (K Q ) is an integer class. Here L Q denotes the line bundle on Q with c 1 (L Q ) = 1 2π F Q , and furthermore c 1 (K Q ) = Q for a divisor Q on a Calabi-Yau. Since the divisor in class U is a del Pezzo surface and hence non-spin, this means that F U = 1 2 U +F U for an integer classF U , and similarly for F V . 28 Consider now a D3-instanton on an invariant divisor E in class E = a(U + V ) + bH for a, b to be determined. The quantisation condition for instanton flux requires that F E + 1 2 (aU + aV + bH)| E be integer. Since F E is orientifold odd, the quantisation condition is satisfied if a, b ∈ 2Z and F E integer. According to the discussion around (A.7) a necessary condition for this instanton to contribute to a 28 Since U + V is an even class, no gauge flux is required by the quantisation condition on Σ.
coupling of the form O n = [10 2 10 2 5 1 ] n is that there exists instanton flux
This is the condition for a chiral excess of charged zero modesη a U , a = 1, . . . , n, each transforming as a5 −1 of U (5) on the intersection locus γ U . The charge of these chiral zero modes cancels the charge 5n of the operator O n . This, however, is merely a necessary condition for the operator to be actually induced the D3-instanton. In addition there must exist one zero mode η Σ in the sector E − Σ on γ Σ = Σ ∩ E, which is mapped to its vector-like partnerη Σ in the sector Σ − E. Furthermore, all extra vectorlike pairs of zero modes, if present, must be absorbable by instanton couplings. A sufficient condition is therefore to require that no such zero modes be present. This translates into the conditions
To come back to the necessary condition (B.1), on the concrete 3-fold X an ansatz for the instanton flux is 1 2π F E = c (U − V )| E for c ∈ Z. We then make the general ansatz F U = ((x + which is integer because a ∈ 2Z. It is easy to find solutions with n = 1. More work is required, however, to find solutions which also satisfy the conditions on the vector-like zero modes (including the deformation modes if the instanton divisor is non-rigid). It is expected that the uplift of such solutions then describes a consistent M5-flux T 3 which satisfies the Bianchi identity (5.1). Note in particular that F U corresponds to the massive U (1) gauge flux. Consistency requires that the pullback of its F-theory uplift to the M5-divisor D is indeed cohomologically trivial on D. In section 6 this is precisely what we show in the stable degeneration limit of a prototypical massive U (1) model.
